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Abelian dominance and adjoint color sources 
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Abelian dominance in the case of color sources in the fundamental representation is shown to follow from 
certain properties of maximal abelian projected SU(2) gauge theory. The possibility of having an analog of 
abelian dominance in the case of adjoint representation sources is addressed in the same framework. 



1. Maximal Abelian Projection revisited 

In the abelian projetion (AP) theory of con- 
finement (!]] partial gauge-fixing projects onto the 
U(1) N_1 Cartan subgroup of the original SU(N) 
gauge symmetry (henceforth we take N=2). With 
respect to this residual abelian symmetry, diag- 
onal gluons transform as "photons", while off- 
diagonal gluons are doubly-charged matter fields. 
Quark fields in the fundamental (j=l/2) repre- 
sentation are singly-charged (n=l), while quarks 
in the adjoint representation are neutral 

when rrij=Q and doubly-charged {n=2) when 
77ij=±l. The maximal abelian (MA) projec- 
tion H , corresponding to maximizing 



X> [aaU^azU^J = £cos(2^, M ) 



(1) 



X.fi 



X.fl 



has provided some evidence |^^] in support of 
this scenario of confinement. Having set U\\ — 
coscj) e l6 : U12 = sin0 e lx , etc., the SU(2) plaque- 
tte action Sp can be decomposed as Sp = Sg + 



iS-y 



■>8 X 



| , the subscripts denoting which of the 



0,X fields appear, e.g., Sg = (Y[ ien cosfa) cos6> D , 
where 8 a is a U(l)-invariant abelian plaquette. 
Sg and S x have one term each, while Sg x has 
six. Due to the gauge fixing condition, Eq. ([!]), 
S x < Sg x < Sg. Using 50 configurations on a 12 4 
lattice at j3 = 2.4 we find (cos<fi) « 2/3 (the ran- 
dom value) in local gauges J?j. In MA projection 
(cos<^>) is close to 1, and, accordingly, Sg dom- 
inates the action, i.e., {Sp} = (Sg) within 9%. 
Furthermore, we find that cos <fi behaves more 



like a parameteter than a dynamical variable and 
factorizes in expectation values, e.g., (rj n cos0) 
= (cos0) 4 and {Sg) = (Q n cos (/>} (cos } within 
0.2% and 3%, respectively. These results suggest 
that x fields can be treated as beeing essentially 
random, and MAQCD, the effective abelian the- 
ory after maximal abelian projection, is basically 
compact QED with effective coupling /3(cos</>} 4 . 

2. Abelian Dominace 

2.1. Operational Definition 

A interesting feature of MA projection, named 
"abelian dominance", is that abelian Wilson 
loops W n —x — cos(^ ieL 0i) reproduce the fun- 
damental SU(2) string tension Q. Abelian domi- 
nance is essentially an empirical observation. Op- 
erationally, one may define abelian dominance 
(AD) as the property that large-scale properties 
of QCD are reproduced by operators Wabci, con- 
structed exclusively from the abelian phases 9 [|| . 
We distinguish between two versions: 

• strong version: the operators IFabci are 
obtained by using (after MA projection) 



rescaled, diagonal links, U = diag[e* e , 
in the place of full SU(2) links. 
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• weak version : a suitable Ansatz must be de- 
vised for constructing the abelian operators. 

Clearly, if the strong version is satisfied, so is the 
weak, but not vice versa. 

2.2. Fundamental Sources 

For an T x R Wilson loop in the fundamental 
representation, Wj =1 / 2 = wo + ia-w, we can write 



2 



a similar decomposition as for the plaquette (?j 



wo + iws = (cos < 



L-l 
m— 1 



+ (sin ( 



+ ^(cos0) 2ro ( S in0) 2 ( L - m ) ^ Sn e 4n "[ 8 ^] . (2) 

71=1 



Consider now (Wj =1 / 2 ) = (wo)- Carrying out the 
free-x intregration as remarked in Sec. I, we find 

(W J=1/2 ) « (cos0) 2i <cos0 L ) . (3) 

Since the two expectation values differ by a 
perimeter (L = T + R) term only, they generate 
the same string tension. Thus, according to the 
weak version of abelian dominance, the abelian 

1 /2 

operator W abel in this case should be the singly- 
charged abelian Wilson loop, W n -\ — cosOl- 
Indeed, from Fig. [j] one sees that Eq. (|) is a 
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Figure 1. Testing approximation Eq. in F12 
(A) and MA (□) projection. 

good approximation in MA projection and, not 
surprisingly, very bad in F12 projection. Notice 

that cos^l = C0S (J2ieL ®i) can a ^ so ^ e thought 
of as a fundamental-representation Wilson loop 
constructed from rescaled, diagonal SU(2) links 



Tr(n ie Ldiag[e^,e- 



-Wj 



Thus, with 



respect to AD for fundamental repr. sources 

1. the difference between cos0 ~ 1 and cos0 
= 1 is not essential, i.e., MAQCD can be 
regarded as a "diagonal SU(2)" theory. 

2. there is no distinction between weak and 
strong versions; both are satisfied. 



2.3. Adjoint Sources 

Abelian dominance for adjoint sources (quarks) 
requires that the adjoint "string tension" (7j—i 
can be extracted from some abelian correlator 
Wabel- For the strong version of AD, this op- 
erator is the adjoint Wilson loop from diagonal 
SU(2) links IQ' 



W d , 

.7 = 1 



^cos(20 L ) + i 



(4) 



the 



As realized by Greensite and coworkers |8| 
persistence of Casimir scaling {(Xj—x ~ 
in MC simulations, and the associated failure 
to unambigously verify screening for the poten- 
tial between adjoint sources (|| and references 
therein) presents a challenge for abelian domi- 
nance: if MAQCD is a "diagonal SU(2)" theory, 
there is no way for two rrij = (neutral) compo- 
nents of the adjoint source to interact via neutral 
"photons" , let alone form an abelian flux tube. 
One would therefore expect the adjoint string ten- 
sion to vanish, rather than Casimir scale. Indeed, 
if MAQCD is close to CQED, the doubly-charged 
abelian loop in Eq. (0) is expected to have an area 
law falloff itself @,[l(| and, therefore, for large 
loops Wf =1 — ► 1/3, and the coresponding poten- 
tial vanishes. This is verified numerically (Fig. ^ 
and Thus, the strong version of AD for ad- 
joint sources fails §J^]. To see whether the weak 
version can be satisfied we decompose the full ad- 
joint Wilson loop Wj—i — (4wq — 1)/3 into neutral 
(0) and charged (±) parts 

wf =1 = ^0+^3)-^ 



Wf =1 = -K-tUg) ■ (5) 
Integrating over x as before (see Q for details) 



L-l 

„2\ _ JL , „2L , J2m B 2(L-m)/2L 



m— 1 



^(W° =1 ) = i(l + (cos(2^)) 2i )-i , (6) 

where c= (cos <f>) 2 , s=l— c. Thus, without off- 
diagonal gluons (cos 4>—l) (Wj =1 ) — > 1/3, while 
with "static" off-diagonal gluons (cos</> < 1, but 
fixed) one gets (Wj =1 ) — > 0. However, although 
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Figure 2. Various adjoint Wilson loops versus 
loop area: W J=1 (□), W± =l (A), WjLi (+), W/ =1 
(o), Eq. |(x). Dashed line: the limit Wf =1 -> §. 



in support of this conjecture is shown in Fig. 
| Although encouraging, this result should be 
treated with caution, unless some better scheme 
of approximations than the ones suggested in Sec. 
I succeeds in accounting for the area law behavior 
of Wj =1 . Moreover, the pattern of weak AD sug- 
gested here should be tested for j = 3/2 sources 
as well. Work in this direction is in progress. 
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this greatly improves Eq. (||), as seen in Fig. |[ 
it is not enough for generating an area law for 
Wj = i'. off-diagonal gluons are required dynami- 
cally (i.e., Sq x cannot be ignored). On the other 
hand, for the operator (wq — wf ) one finds @ 

(w 2 a -w 2 3 ) « (cos# L (cos(20£)) . (7) 

This is the adjoint analog of Eq. (||); it is seen 
to be a very good approximation in MA projec- 
tion (only). A characteristic difference between 
(W j=1/2 ) and (W£L X ) on one hand, and (W° =1 ) 
on the other, is that in the former case the free 
X~ integration leads to expressions without (sin (f>) 
terms, whereas in the latter such terms appear, 
with large degeneracy factors [c.f. Eq. (0)]. Since 
Sg x << Se relies on ignoring sin</> terms, our 
approximations seem inconsistent in the case of 
W-Lii which may explain the failure of generating 
an area law for W® =1 on the basis of these approx- 
imations. Numerically (200 measurements on 16 4 
and 350 on 12 4 lattices at (3 = 2.4) we find that 
W j= i, WjLi and WjL t have within 10% same 
Creutz ratios (Fig. ||). This may be explained 
by using gauge invariance of the energy eigen- 
states in the spectral decomposition, suggesting 
that doubly-charged abelian Wilson loops W n= 2 
should be the relevant operators for testing weak 
abelian dominance in the adjoint case. Evidence 
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Figure 3. Creutz ratios x[i?, R] from adjoint 
Wilson loops Wj=i (o) versus ones from doubly 
charged abelian loops W n =2 in MA projection. 
Results from 16 4 (□) and 12 4 (A) lattices. 
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